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We summarize the status of constructing fixed functionals within the /(ij)-truncation of 
Quantum Einstein Gravity in three spacetime dimensions. Focusing on curvatures much 
larger than the IR-cutoff scale, it is shown that the fixed point equation admits three 
different scaling regimes: for classical and quantum dominance the equation becomes 
linear and has power-law solutions, while the balanced case gives rise to a generalized 
homogeneous equation whose order is reduced by one and whose solutions are non- 
analytical. 
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1. Introduction 

During the last decade Weinberg's Asymptotic Safety conjecture^ has undergone an 
extensive transformation from a curiosity to a serious candidate theory for quan- 
tum gravity. The heart of the construction is a non-Gaussian fixed point (NGFP) in 
the renormalization group (RG) flow, which controls the behavior of the theory at 
high energies and renders it predictive and free from unphysical divergences.^ One 
of the central technical ingredients for testing Asymptotic Safety is the functional 
renormalization group equation for the gravitational effective average action IV 2 
By now, this equation has been used to demonstrate the existence of the NGFP 
in a wide variety of approximations and coarse-graining schemesP Since a finite- 
dimensional truncation of will always yield a finite number of relevant operators, 
testing the predictive power of Asymptotic Safety requires the study of truncations 
that involve infinitely many coupling constants. This program is currently imple- 
mented by considering the gravitational RG-flow of /(i?)-type truncations^' where 
the gravitational part of is of the form 

rf av [s] = Jd d Xy /9h(R), (i) 

with g^y being the spacetime metric and fk an arbitrary function of the curvature 
scalar R. The partial differential equations (PDEs) resulting from substituting this 
ansatz into the full flow equation have recently been studied in the particular cases 
of three^ and four spacetime dimensions EHUD These PDEs encode the dependence 
of the function fk on the RG-scale k and thus store the information of the flow 
of infinitely many couplings including the effective Newton's constant. Fixed func- 
tionals, providing the generalization of the NGFP to the case of flowing functions, 
then correspond to fc-independent solutions of these PDEs and the number of rele- 
vant deformations of the fixed points can be found by studying linear deformations 
around such a fixed functional. 



*Talk given by F.S. at the 13th Marcel Grossmann Meeting, Stockholm, 1-7 July 2012. 
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2. The flow of fk(R) in three dimensions 

In the context of d = 3 conformally reduced gravity, where only the conformal 
mode of the graviton is dynamical, the flow of f(R) was recently studied in [7]. 
The non-linear PDE governing the scale-dependence of the dimensionless function 
tp k (r) = k~ 3 f k (k 2 r), ip k = kd k ip k , reads 



+ 3^ fe - 2r<p' k = -1 f 1 + § + + + ffl (2) 

6^ 3^. + 4(l-r)^,+4(2-r) 2 ^' 



(3) 



The coefficients are polynomials in the dimensionless curvature r 
ci = -jjr (36 + r) , c 2 = ^ (5r 2 - 234r + 432) , 

c 3 = i (6 + r) , c 4 = ^ (6 + r) (30 - 23r) . 

Neglecting the fc-dependence in the regulator, the one-loop approximation of Eq. © 
is easily obtained as 

' 3^ 2 V 67 3 Vfc +4(l-rV fc +4(2-r)Vfc 
The l.h.s. of these equations capture the classical scaling of the function f k (R), 
while the r.h.s. originates from evaluating the operator trace of the FRGE and 
thus encodes the quantum corrections. The fixed functions <p*(r) arising as regular, 
stationary solutions of © and (U]) satisfy non-linear ordinary differential equations 
(ODEs) of third and second order, respectively. 

The first quantity of interest in the construction of fixed functionals is an esti- 
mate for the dimension of the space of regular solutions arising from these ODEs. 
Given Eqs. (0 and (|4}, we expect that a solution is characterized by three (two) free 
parameters, respectively. When casting the ODEs into standard initial value form, 
one sees, however, that the r.h.s. has poles at fixed values r s i ng which correspond to 
roots of the denominator. The condition that the solution can be continued at r s i ng 
then places non-local constraints on the initial values characterizing completely reg- 
ular solutions. Inspecting the one-loop and non-perturbative equations in the light 
of this structure reveals that even though the degrees of the equations are different, 
the number of roots is adjusted accordingly. Thus both equations have the same 
index, defined as the order of the equation minus the total number of fixed zeros 
in the denominator. We take this as a further indication for the validity of the 
singularity counting argumentP 

We now focus on the asymptotic behavior of Eqs. ([2]) and Q in the IR- limit 
where r — > oo. This region can be accessed by applying singularity scaling tech- 
niques. In this course, we write the fixed point equations in terms of the scaled 
variables r — re~P, (3 > and (p{f) — e a (p(r/e 13 ). Working in the limit e — > 0, the 
asymptotic region r — > oo is magnified and shifted to an area where f and <p(r) are 
both of order one. Depending on the ratio of a and /3 one identifies different asymp- 
totic behaviors. For a < —5/3/2 (a < —3/3/2 in the one-loop case) the IR-behavior 
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Table 1. Asymptotic behavior of the fixed functions tp*(r) of the one-loop equation {4} and the 
non-perturbative equation l(2j in the limit r — > oo. For classical and quantum dominance the 
equations linearize and admit power-law solutions. 





one-loop 


non-perturbative 


classical 


<p*(r) ~ tti r 3 / 2 


f*{r) ~ oi r 3 / 2 


balanced 


Eq. 


Eq. JSJ 


quantum 


ifi*(r) ~ ai r 5 / 4 + a 3 


¥>*(r) ~ ai r 3 / 2 + a 2 r 113 / 92 + a 3 



is dominated by the classical l.h.s. of the equations. In this case the quantum cor- 
rections decouple and one can easily solve the first order equations obtaining the 
power-law behavior reported in the first line of Tab. [TJ For a > —3/3/2 (a > —(3/2 
in the one-loop case) on the other hand the quantum effects on the r.h.s. become 
dominant. The equation linearizes to a second order equation which gives rise to 
the power-law solutions displayed in the last line of Tab. [TJ The interesting case is 
when the inequality bounding the classical case is actually saturated. In this case 
the classical and quantum contributions are balanced and the asymptotic regime is 
described by the following fixed point equations 

f§ (p' k - Ary'l 



II : 5(fik — 2fy> 



9 V6 tt 2 3^ fc - ir<p' k + 4fV fc ' ' 

, ~ ^ , ,~r,i i i 1 baz2 -.'I' 

np : 3tp k - 2r<p' k 



fa 21p k + 50f<^ + 184fVfc 



(5) 



5670 3(^ fc - Arip' k + 4f 2 <^' 



which arise from the one-loop and non-perturbative PDEs, respectively. 

Since the Eqs. §5§ encode the IR-behavior of our fixed functionals, it is worth 
to analyze them in more detail. Starting from the one-loop approximation the sub- 
stitution <p(r) = (18 v / 67T 2 )~ 1 y/z {g{z) — l),f = z leads to 



9*z = -^2— — • (6) 



3 1 - g + 2z g z 
8z 2 g - zg z 

A priori, this equation looks like a non-linear ODE of second order. The structure 
of Eq. © is however special in the sense that it is of generalized homogeneous type, 
implying that the order of the equation is actually one. Applying the transformation 
x = g , y = zg g', Eq. ^ can be cast into the form 

x(y 2 -V)V* = ~x)+ y 3 - 2y 2 + \y . (7) 

The non-perturbative equation can be recast in a similar fashion. Applying the 
transformation (p = 13 (1008 \/6 7r 2 ) -1 z 3 / 2 g(z), z — r we obtain 

1 (1170 zg 2 z + 878 z g zz + 585 g z (1 + z 2 g zz )) . (8) 



184z z 

Again, this equation is of generalized homogeneous type, so that the transformation 
x = g, y = zg~ 1 g l reduces its order by one 

-x 2 yy xx =x 2 y 2 x + (ai + Ay + a 2 xy)xy x + (1 + a 2 x)y 2 + a 2 xy + a\y + a 3 , (9) 
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where a x = 163/92, a 2 = 585/184, and a 3 = 75/184. The balanced cases (0) and © 
have no power-law solutions. Instead, a more general asymptotic behavior has to be 
expected. We believe that the newly found generalized homogeneous behavior is a 
rather generic feature appearing in the IR-asymptotics of the fixed point equations. 
Since generalized homogeneous equations are known to be effectively of one order 
less, this implies that extra care is necessary when counting the free parameters of 
the solution in the balanced case. 

3. Conclusions 

The Asymptotic Safety program is currently on the verge of moving from the explo- 
ration of finite-dimensional to inhnitc-dimensional ansatze for the effective average 
action. The /(i?)-truncations of the form (fTJ) thereby provide the simplest gravita- 
tional setting, being the gravitational analogue to the local potential approximation 
in scalar field theory. While there are still conceptual questions, as for example the 
continuation of ^ to negative curvatures, admissible boundary conditions, or the 
asymptotics of solutions at large values r, awaiting their final answer we are posi- 
tive that the NGFP found on finite-dimensional truncation spaces has an admissible 
generalization to the realm of /(i?)-gravity. 
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